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Asymptotic behavior of positive solutions of
a Dirichlet problem involving supercritical nonlinearities
Giovanni Anello, Giuseppe Rao
Abstract. Let p > 1, q > p, λ > 0 and s ∈]1, p[. We study, for s → p−,
the behavior of positive solutions of the problem −∆pu = λus−1 + uq−1 in Ω,
u|∂Ω = 0. In particular, we give a positive answer to an open question formulated
in a recent paper of the first author.
Keywords: elliptic boundary value problems; positive solutions; variational meth-
ods; asymptotic behavior; combined nonlinearities
Classification: 35J20, 35J25
1. Introduction
Throughout this paper, Ω ⊂ RN is a nonempty connected open bounded set
with sufficiently regular boundary ∂Ω. Let p > 1, s ∈]1, p[ and q > p. More-
over, denote by λp the first eigenvalue of the p-Laplacian operator ∆p(·) :=




s−1 + uq−1 in Ω,
u|∂Ω = 0
has, for s sufficiently close to p, at least one positive (weak) solution of least
energy, which we denote by vλ,s, whenever the exponent q is subcritical, that
is q ≤ pN :=
pN
N−p if N > p (see [2] or [5] for instance). In particular, in [2]












vsλ,s dx = c,











usλ,s dx = c,
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When the exponent q is supercritical (> pN) and s < p, using a sub-supersolution
technique, the existence of at least one positive solution for problem (P ) is proved













and v1 ∈ C
0(Ω) ∩W 1,p0 (Ω) is the unique positive solution of the problem
{
−∆pu = 1 in Ω,
u|∂Ω = 0.
Note that, since (maxΩ |v1|)
1−p ≤ λp (see Remark 3.2 of [3]), we have lims→p− Λ̃spq
= (maxΩ |v1|)
1−p ≤ λp. Also, from Theorem 2 of [3], we infer that, if λ > λp,
problem (P ) with s = p cannot have positive solutions. However, by the results
of [3], we do not know whether lims→p− Λ̃spq = λp. So, it could be interesting to
know if there exists a constant Λspq > 0 such that, for all λ ∈]0,Λspq[, problem (P )
has a positive solution and lims→p− Λspq = λp. Observe that the previous fact is
true in the case of q subcritical (see [2], [5]). Our result in extending Theorem 4
of [2] to the case q ∈]p,+∞[ (so giving a positive answer to the open problem
formulated in [2]), also gives a positive answer to the above question.
2. Main result
Throughout this section, we always assume p ∈]1, N [. For all m ∈ [1,∞], we
denote by ‖ · ‖m the standard norm in the L
m(Ω) space. Also, we equip the space
W
1,p




the best Sobolev embedding constant of W 1,p0 (Ω) in L
m(Ω), for all m ∈ [1, pN
N−p ].
The following lemma follows by applying the well known Moser’s iterative
scheme ([4], [7]) and standard regularity results ([6])
Lemma 1. Let r > N
p
, f ∈ Lr(Ω) (resp. f ∈ L∞(Ω)) and let uf ∈ W
1,p
0 (Ω) be
the (unique) weak solution of the problem
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{
−∆pu = f(x) in Ω,
u|∂Ω = 0.






















is a positive finite constant.
As announced in the introduction, our main result (Theorem 1 below) extends
Theorem 4 of [2] to the case of q ∈]p,+∞[. We observe that, by the proof of
Theorem 1, one can see that the same result is still true if uq is replaced with
a more general nonlinearity f(x, u), where f : Ω × R+ → R is a Carathèodory
function fulfilling, for some C > 0 and δ > 0, the inequality |f(x, t)| ≤ Ctq for
a.a. x ∈ Ω, and t ∈]0, δ].
Theorem 1. Let λ0 ∈]0, λp[ and q > p. Then, there exists s0 ∈]1, p[ such




1(Ω). Moreover, the solution vλ,s satisfies (1).







0 if t ≤ 0,
λts−1 + tq−1 if t ∈ [0, ε],
λts−1 + εq−sts−1 if t ≥ ε.














dx, u ∈ W 1,p0 (Ω).
By standard arguments, Iλ,s is (strongly) continuous, sequentially weakly lower-
semicontinuous and Gâtéuax differentiable in W 1,p0 (Ω). Moreover, from





This implies that Iλ,s has a global minimum vλ,s ∈ W
1,p
0 (Ω). It follows that vλ,s
is a critical point of Iλ,s. Consequently, vλ,s is a weak solution of the problem
(Pg)
{
−∆pu = g(u) in Ω,
u|∂Ω = 0.
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From standard regularity results, one has vλ,s ∈ C
1(Ω) (see [6]). Note that, since
g(t) ≥ 0 for all t ∈ R, we have that vλ,s is nonnegative in Ω. Finally, again from
(3), it is easy to infer that infW 1,p0 (Ω)
Iλ,s < 0. Therefore, vλ,s must be nonzero.
Applying the Strong Maximum Principle, it follows that vλ,s is, actually, positive










Using the constant Cr0 introduced in Lemma 1 and inequality (3), if we put δ =
r(s−1)−pN



































































where C is a constant depending only on p, N , r, Ω, λ0.
Since vλ,s is a critical point of Iλ,s, one has I
′






Thus, using (3), we obtain
‖vλ,s‖
p ≤ (λ + εq−p)‖vλ,s‖
s




































it follows, from (5), that lims→p− ‖vλ,s‖ = 0. Therefore, taking in mind (4) and
that 1− δ → pN
r(p−1) as s → p
−, we have lims→p− maxΩ |vλ,s| = 0, uniformly with
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respect to λ. Consequently, there exists s0 ∈ [s̄, p[, independent of λ, such that,




This means that, for each s ∈ [s0, p[, vλ,s is, actually, a weak solution of prob-
lem (P ). At this point, it remains to show that the limit (1) holds. Fix λ ∈]0, λ0],













Repeating step by step the above proof, we can find s1 ∈ [s0, p[ such that, for all











for all u ∈ W 1,p0 (Ω). It is known that the unique solution uλ,s of problem (P0) is




















q ≤ Iλ,s(vλ,s) ≤ Iλ,s(uλ,s) ≤ Ψλ,s(uλ,s).




























for some positive constant C2 > 0 which does not depend on s. Note that, from
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The limit (1) now follows from (11), (12) and (13). 
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